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Abstract

This work analyzes the optimal allocation of assets over the life cycle of an investor who
has the option to invest in his education. We characterize the optimal spending rule for educa-
tion, and compare the optimal asset allocation of such investors with the optimal portfolios of
investors with no extra education. In particular, we are able to describe how the criteria for in-
vesting in risky assets change through time as investors acquire additional education. Our main
findings are as follows. Investors undergoing the educational process tend to invest proportion-
ally more in risky assets during that period than other investors. After the educational period
investments in the risky asset usually decrease. In the working period after the investment in
education a negative covariance between the working income and the returns of the risky asset
induces the proportional investment of educated agents in the risky asset to be larger than the
proportional investment of non-educated agents. For positive covariances, as it increases, the
proportion of wealth invested in the risky asset decreases for both agents. Finally, in the retire-
ment period the investments of people who invested in education earlier are not distinguishable
from those of non-educated.
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1 Introduction

A common investment strategy suggested by financial advisors follows a simple rule of a linearly
decreasing percentage of investors’ wealth in a diversified portfolio of risky assets as one grows
older (see Malkiel, 1996). The problem of asset allocation over the life cycle has received special
attention from scholars and finance practitioners given its practical significance for each investor
during different periods of life. Despite this importance, there is no consensus about the optimal
portfolio choice.

Since the earliest work in this area, the theoretical predictions have differed from the observed
empirical patterns. On the one hand, several empirical papers find evidence for a hump-shaped form
of risky asset holdings over the life cycle (e.g. Ameriks and Zeldes, 2004, Faig and Shum, 2002
and Shum, 2006), with younger people holding a low share of risky assets. On the other hand,
the original theoretical models tell us that younger people should hold a large fraction of their
wealth in risky assets and that this proportion should decrease as the agent grows older, as stated
by Merton (1969) and Samuelson (1969). Merton (1971) has shown this holds when deterministic
working income is added to the investment endowment in a complete-market setting. Such results
are consistent with the classical mean-variance model of portfolio choice, according to which the
holdings of aggressive and conservative investors should differ only in their holdings of cash; the
relative proportion of long-term bonds and stocks should be the same for both types of investors,
regardless of the investors’ planning horizon. As pointed out by Canner, Mankiw, and Weil (1997),
this classical approach is inconsistent with the conventional financial advice in the markets.

Seeking to understand the empirical facts, several models emerged complementing Merton’s
(1969) and Samuelson’s (1969) seminal models. Viceira (2001) added complexity to the theoreti-
cal setting by allowing working income to be uncertain, showing that the investment horizon may

affect the optimal portfolio allocation. The introduction of uncertain sources of income was indeed
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the crucial ingredient to rethink strategic asset allocation. Realizing the failure of Samuelson’s and
Merton’s analysis, some authors suggested alternative techniques. By analyzing who should buy
long-term bonds through a multi-period model incorporating uncertainty in fixed-income invest-
ment, Campbell and Viceira (2001) have shown that aggressive long-term investors should hold
essentially stock, whereas conservative long-term investors should hold more long-term bonds to-
gether with some small amount of cash. The intuition for this result is that, for long-term investors,
the riskless asset is not cash, but rather long-term bonds.

Cocco, Gomes, and Maenhout (2005) and Campbell, Cocco, Gomes, and Maenhout (2005)
characterize the solution of a more complex problem in this same conceptual framework, namely
the optimal choice of portfolio when considering consumption over a life cycle and simultaneous
investment in retirement wealth. Their results from calibration show that the low holdings of the
risky assets by younger people could be explained only by either a significant shock in labor income
or an extremely high correlation between labor income and returns of the risky assets.

In contrast to these papers, we analyze how the optimal allocation of assets over the life cycle
of an investor may be affected by the alternative to invest in an education program. One such
educational program is modeled so as to increase the future expected income by assuming the
possibility of promotion in the job market. Our model considers basic tradeoffs in this decision
process. First, to invest in education an agent will give up some current consumption and reduce
the investment in financial assets; second, the expected increase in future income must compensate
the reduced future investment horizon; third, the change in the optimal risky investment will depend
on the correlation between the returns of the risky assets and the future labor income.

Unlike the findings reported in most earlier theoretical papers, but in line with the empirical
evidence, our model predicts that for a reasonable level of risk aversion, a hump-shaped portfolio
strategy over the life cycle is optimal. To be precise, we find that investors who seek higher ed-

ucation: 1) tend to invest proportionally more in risky assets during the educational period than

Electronic copy available at: http://ssrn.com/abstract=2139620



do other investors; 2) the investment in risky assets increases as the expected time until promo-
tion diminishes; 3) following the educational period, investments in risky assets usually decrease.
Furthermore, in the period of active life there are three possibilities: if the work income covaries
positively (and at a high enough level) with the return of the risky asset, investments in that risky
asset are proportionally less than the investments of non-educated individuals, since the working
income is considered to be a risky source; if the covariance is negative, the working income can
be seen as an insurance and the investments in risky assets are proportionally greater among ed-
ucated investors; if the covariance is zero, the investments are proportionally equal to those of
non-educated individuals in the period following promotion and proportionally greater during the
education period.

This work is organized as follows. In Section two we extend Viceira’s (1998) two-period model
to incorporate the possibility of investing in self education, allowing for future job promotion with
corresponding income increase. Section three is concerned with the development of a similar
model, now considering an investor living for an arbitrarily large number of periods. In Section
four we provide different simulations for this dynamic allocation model, considering the life cycle

of investors who have improved their education. Section five concludes.

2 Two-Period Theoretical Model

In this section we develop a two-period model where an economic agent (hereinafter named the
investor) maximizes his or her utility allocating optimally his or her wealth at time ¢ between the
available risky assets and a risk-free asset. When making this decision, the investor must also decide
how much to invest in his or her education. The underlying idea is that an education upgrade may
possibly increase his or her future earnings in the second period.

In this model the agent’s education can be seen as an investment, leading to a promotion and a



consequent higher wage!. In the first period the investor supports the costs of his or her education,
whereas in the second period he or she may have income compensation due to the promotion
derived from the educational upgrade. The education can also provide “status benefit” for the
investor?.

The investor receives income from his or her work at times ¢ and ¢ + 1, denoted respectively
by L; and L;,;. If investment in educational upgrade is made at ¢, he or she receives a raise in the
t + 1 income. Notice that this model has only one investment period. Also, the investor is assumed
to have an initial endowment W; before receiving the income L.

We assume that the investor makes decisions related to portfolio and education choice at time
t. Att + 1 the agent consumes the amount returned by the portfolio plus the income generated by

his or her work at that point in time.

2.1 Certain Promotion

Consider an investor with a two-period life. Following Campbell and Viceira (2002), and discount-
ing the current consumption of this agent, the problem of the investor is reduced to know how
to allocate today’s wealth, depending on two factors: future consumption and current expenditure

with education. The utility function is assumed to be given by

where Cy44 is the £ 4+ 1 consumption, X; is the expenditure with education at time ¢, the factor
denotes the risk aversion coefficient, the discount factor is denoted by [ satisfying 0 < 8 < 1,

and the function v characterizes the utility of increased status originating with the expenditure in

ISee Arcidiacono (2004), Mishler (1982), and Clark and Anderson (1992).
2See Mishler (1982) and Clark and Anderson (1992).



education (such that v" > 0 and v” < 0). Notice that the investment X; may increase utility in two
ways. First, by generating more future income, thus increasing future consumption Cy, 1; second,
by increasing the status of the agents who invest in education upgrade.

We next discuss the flow of working income. The working income at time £+ 1 is assumed to be
uncertain and described by the random variable ;.. We assume furthermore that the conditional

distribution of the working income is log-normal. Defining I, ; = log(L,. 1), this implies that

liy1 ~ N(1,07).

The economy is also characterized by the assets that are transacted. We consider that there are
two types of assets in the market, namely a risky asset with random return R, , and a riskless asset
with return R;. In this model we assume that the logarithm of the excess return R,y — Ry is a

log-normal variable. Defining 7; = log R and r1 = log R;1, this implies that

Tigl — Tf = [+ Ugga

where 1 = Ey[ry1 — 7|, and the unexpected log-return of the risky asset is conditionally Normal.
In other words,

us 1 ~ N(0,02).

Additionally, we assume a possible correlation between the returns of the risky asset and the work-
ing income, given by

COVt(lt—i—la 7"t+1) =Oluy-

The return on the agent’s portfolio is thus given by

Rpt+1 = CVthJrl + (1 — Oét)Rf.
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For simplicity, we shall work with log-returns. Denoting by 7 the logarithm of the return R, a
second-order Taylor expansion leads to

Tpt+1 = Tf + Oét(’l“tJrl — Tf) + 50[,5(1 — Oét)O'i.

Finally, consider the case where an investment is made in upgrading education. Let 7}, denote
the new income of the investor at time ¢ + 1, after the promotion due to the upgrading of his or
her education. For consistency, we shall denote by 7,1 = log(7;;1) the logarithm of this new
income. In that case, we assume that the investor’s log-wage [;.11s increased at time £ + 1 by a
multiplicative factor z > 1, leading to a working log-income 7,1 = Zzl; ., following, therefore, a

stochastic process with log-normal conditional distribution

Tey1 ™ N(Tv 072-)

Although the income increase is stochastic, this increase is perfectly well-defined once the realiza-
tion of [, 11s known. For this reason we shall refer to this situation as certain increase, as opposed
to the case in the next section, where 7;,; will depend of the expenditure X; made in education.
We also assume the possibility of some correlation between the wage increase and the return of the

risky asset,

CoVe(Ter1, 1) = 2€0Vi (L1, Tig1) = 2071 = Ory.

2.1.1 The Optimization Problem

From the available wealth, the investor will spend X; with education, will invest a fraction a; of

the remaining wealth in the risky asset, and a fraction 1 — o in the riskless asset. The optimization



problem is to choose «; and X; in order to maximize the expected utility

Cod
maxE, A — +v(Xy) (1)
subject to
Cir1 = Wi+ L — X3)(1+ Rpes1) + T (2)

Rpt_|_1 = Ctth_;,_l + (1 - Oét)Rf.

Introducing both restrictions in the objective function, the problem becomes to maximize in order

to X; and «; the following expression

{(W,+ Li = X)) [1 + Ry + ou(Rea — Ry)| + Tia} 7

Ey |5 T +v(Xy)
The first-order conditions to solve this problem are respectively,
v'(Xy)
= 1+R
u/(CHl) 5( + pt+1)

EfC i1+ Rep)] = E{CA(1+ Ry)].

Taking the logarithm in the last equality and rewriting terms, we obtain
o2
Ey[rees —ryl + 5 = YCOVi(Cri1, Ter1). 3)

Now let I, = W, + L; — X,;. Dividing expression (2) for the budget constraint by L, 1, it follows

that



Cit1 _ I
Tiq1 Ti1

(1+ Rprsa) + 1.

Following Campbell (1993), we take logarithms on both sides to obtain

Ci+1 — Ti41 = log {exp [(lt - Tt+1) + Tpt+1] + 1} .

Expanding the right-hand side around the expected values of 7, and i — 7, and defining 0 = {(i —

T) + 1, }, we have

Coy1 — Tepr Rk + pis — Teg1) + p(rpes),

implying that
Ct1 =~ k + p(zt + rpt+1) + (1 — p)Tt+]_7
where
exp[(i — 1) + 1)
= 0<p<l
P 1 + exp 6) ) P )

and k = log [exp (¢) + 1] — p (i + r, — 7) > 0. Replacing the expression for ¢;;; in (3) we have
0'2 2
Ei[req — gl + 7“ = ypauoy, + (1 = p)Zow,

and the optimal fraction invested in the risky asset is thus given by

v ()5 () ()




2.1.2  Main results and interpretation

The three fundamental equations of this model are

U,(Xt) .
W (Cry1) P ) @
ciy1 R k4 p(ie 4+ Tperr) + (1 — p)Teg1 (5)

0 — l(/“r?)_(l—p) (Lgt)_(l—p)(z—l) (0_12u> ©)
P\ 70y P Oy P o

First, equation (4) expresses the marginal rate of substitution between consumption at time
t + 1 and the amount spent with education at time ¢. This rate is a function of two variables:
intertemporal discount (/5) and the return of portfolio (R,.1). Notice that investors with higher
(£ will have a higher marginal rate of substitution, other things equal, spending less with their
education today and/or consuming more in the future. Also, an increase in the expected portfolio
return, other things equal, will lead the investors to spend less with their education today and/or
expect to consume more in the future.

Equation (5) describes the optimal consumption as given by a constant £ plus a weighted sum
of the net wealth 7;, working income together with education’s gains 74, and portfolio’s return
rpe+1. All three of these variables are positively correlated with investor’s consumption at ¢ + 1.
The weighting parameter p is important to determine the optimal portfolio choice.

Finally, equation (6) describes the optimal allocation of wealth in the risky asset. We examine
the three components separately. The first component describes the optimal wealth allocation when
the working income is idiosyncratic, i.e., not correlated with the return of the risky asset. The
second component reflects a hedging strategy to cover the uncertainty associated to the working

income. In other words, the utility for holding a risky asset is not only driven by the excess return
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with respect to its variance, but also from the assets’ ability to protect future consumption from
fluctuations in the working income. If the covariance between [, and r,, is positive, then the
working income may be considered as a risky asset, allowing the proportion of wealth invested
in the financial risky asset to decrease. If that covariance is negative, however, this means that
the risky asset is a good protection against the uncertainty of the working income, leading to a
larger proportion of wealth invested in the financial risky asset. The third factor is also a hedging
component. The initial spending with education can also be seen as an investment, generating a
future payoff to the investor. The rise in wage will be a function of the future wealth and may
be correlated with the return of the financial risky asset. In this sense, and if such correlation is
negative, the investment in the financial risky asset may also be seen as an insurance. On the other
hand, if the correlation is positive, the gain may be seen as a risky asset and the investor reduces

his or her initial investment in the financial risky asset.

2.2 Uncertain Promotion

The structure of this section is very similar to the previous. The main difference is that here we
consider that the income increase will depend on the amount X; spent in education. In other words,
to spend in education does not ensure that the promotion will be obtained, and that future income [
will be multiplied by z. We assume hereby that z is an increasing, monotonic function depending
on X;, such that z = 1 whenever X; = 0.

2.2.1 The New Optimization Problem

We consider in this section the existence of an increasing, differentiable function

z: X —[1,2], with 2’ > 0,
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such that the amount received at ¢ + 1 after investing in education is now Lffft) instead of L;;1.
The investor must then maximize the utility given by equation (1), subject to the constraints
Civt = (Wit L= X0)(1+ Rya) + LYY (M)

Rpt+1 = Oéth_H + (1 — at)Rf.

Notice that the main difference with respect to the previous section is that restriction (7) incorpo-
rates the function z(X;). As before, we substitute both constraints in the expression for Cy.; in the

argument of the utility, and transform the problem into the maximization of

ﬁ{(Wt + Li— X;) [L+ Ry + 0y(Ress — Ry)) + LY

= } +v(Xy)

Ey

The first-order conditions for this problem are

v'(Xy) , ()
— 7 = 1+R — (X)L
u/(0t+1) /6 ( + pt+1 z ( t) t+1 )

E(C A1+ Riq)] = EJ[C(1+ Ry)).

We can now manipulate these equations, just as in the previous section, to isolate the optimal

investment in the risky asset and the optimal future consumption. We thus have

Cey1 & k4 p(is) + p(1pee1) + (1 = p) e

where now

_ exp (i —7)

8
1+expb ®
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with 0 = {[i — 2 (X)I] + r,}. Using the expression for ¢;;; we then obtain for the fraction of

wealth invested in the risky asset the same formal expression as before

at:%<“;?> - (1;/)) (%) B (1—p)[zp(X)_1] <%>

Notice, however, that there are several dependencies of this expression on the function z(-) through

the presence of 0 in the parameters p,. , p;, and p., and an explicit dependence on the parameter p,.

2.2.2 Interpretation of the new solution

We start by analyzing the equations characterizing the solution of this problem. The first equation

U/(Xt) / 2(Xy)
— = 1 — (X)) LT 9
W (Cror) 5[ + Ry — 2/ (Xe) Ly 9)

reflects the marginal rate of substitution between the investor’s consumption at time ¢ + 1 and
the amount spent with his education at time ¢. The main difference with the previous case is the
presence of the last term, related to the increase of future wage. Also notice that, since 2’ > 0, we
have from equation (9) that

v'(Xy)

m < B(1+ Rpry1)-

Hence, the marginal rate of substitution for the case of uncertain wage increase is lower than in the
case of certain wage increase. Therefore, in this case of uncertain increase, other things constant,
the investor spends more with education and/or the future consumption is less than in the case of
certain increase. Uncertainty in wage increase provides an incentive to spend more with education

today, increasing the proportion of expected future income generated by education.
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The equation for optimal consumption

cer1 Rk + p(ie) + p(rpe1) + (1= p) Tean

is formally similar to equation (5). Therefore, the intuition is the same.
Finally, the same formal similarity applies to the equation for the optimal fraction of wealth

invested in the risky asset

()0 () () w

The main difference with the previous section is that the investor now chooses the optimal portfolio

taking into account the impact of how much is spent with education. Equation (10) reflects this
effect in two ways. First, through the explicit presence of z(X) in the last term. Second, because
p depends on z(-). In fact, from equation (8), p is an increasing function of z(-) and therefore an
increasing function of X;.

So, if X; < 271(2), the first term in (10) is greater than in the case of certain wage increase,
contributing to increase the proportion of wealth in the risky asset. However, notice that as z(X) —
Z, the case of certain wealth increase is recovered.

The second term clearly decreases with X, compensating at least partially the effect of the first
term.

The third term is ambiguous with respect to the effect of an increase in X;. In fact, the direct
effect of [z(X) — 1] points to an increase of that term, but multiplication by (1 — p)/p indicates
that the term may decrease as X; grows. However, a certain number of conclusions may be stated.
Notice that as X; approaches z~!(z), the whole term tends to the value obtained in the case of a

certain wage; also, as X; — 0, the term vanishes, since z(X) — 1, and hence, would no longer
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influence the optimal asset allocation; finally, this points to the fact that, for small enough X, the

whole third term increases with the amount invested in education.

3 Multiperiod Model

In this section we consider that an agent has a life with infinite periods of time. However, at each
point in time there are two possible states of nature: either the agent is employed or retired. The
agent is employed with probability 7€, in which case receives a working income, and is retired
with probability 77 = 1 — 7®. This retirement probability shortens the expected horizon of the
employment duration to 1/7" periods. Moreover, the state of retirement is irreversible, implying
that if an agent is retired from the job market, his or her income will be zero thereafter. After
retirement, there is a constant probability of death 7% at each point in time that makes the expected
lifetime after retiring equal to 1/7? periods. Similarly, if the investor has not retired, there is a
probability 7P, at each point in time, that the investor is promoted. This promotion probability
makes the expected education’s time horizon to be 1/7? periods. That state is also irreversible, in
the sense that an investor who is promoted will spend no more money with his or her education.
In the context of our model, this means that a promotion raises income in two ways. First, after
the investor’s promotion, the amount spent with education will be zero from then on (X; = 0)
and second, there will be a wage increase. Of course, at each point in time there is the probability
m° = 1 — 7P that the agent does not get the promotion for one more period, in which case the
investor keeps spending with his or her education (X; > 0) and receives no wage increase.
Assuming that an agent is working for several periods, his working income is subject to a

number of shocks. We model the working income as the process

Liyw = Ly eXp{g + §t+l}
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where

i1 N(O, 0?)

is a random variable whose realization is independent of the realization of the working income.

The logarithm of this income process can also be characterized as

Al =g+ &1

The gains from promotion referred to above will be modeled in a similar way to the two-period
model. In particular, we shall assume that when the promotion occurs, the investor receives a new
income 74 each period, where 7,11 = zl;11, with fixed z > 1. This leads to a logarithmic increase

per period of the income after promotion, denoted by

ATt+1 = ZAlt+1-

The set of possible investments is characterized by two financial assets as before, a risky and a
riskless asset, and the expected log-return in excess is given by F;(r;.1 — ;) = p. The unexpected
log-return of the risky asset, denoted by w;.1, is conditionally homoscedastic and serially non-
correlated, although it may be contemporaneously correlated with innovations in the changes of
the working log-income and, therefore, with the changes of the logarithm of the new income. We

thus assume that

vary(u1) = Ui

cov(risn, §1) = Oue
covy(rer1, Alir1) = Oung
COUt(Tt—l—ly A7t+1) = OuAr-
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Finally, we also assume that innovations in the risky asset do not depend on whether the investor
is employed or retired. In other words, the state of nature defining whether or not income is received
is completely idiosyncratic, not depending on the business cycle.

Consider an investor that consumes and invests at different points in time. At time ¢, his or her
preferences with respect to consumption and investment ¢ periods later, are characterized by the
utility function

1—v

ol
U= % +U<Xt+i)-

We assume, whenever necessary, that v is CRRA, with the same risk aversion coefficient as the

consumption term. As before, S denotes the intertemporal discount factor with 0 < 5 < 1.

3.1 The Optimization Problem

The investor faces the following intertemporal optimization problem.

o) 4 C«lfi'y
max Bt {Zﬁl [ﬁ + U(Xtﬂ')] | Lt Ut>ft}
1=0

{Ctti: Xtri i }152,

subject to
Wivivi = Wi +te(1 = tp) Ligi + tetpTiri — (1 = 1) Xoyi — Copi] (1 + Rpprin) (1)
Ryiviy1i = at(Rt+i+1 - Rf) + Rf> (12)
where
1 when investor is employed
le =
0 otherwise
and
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1 when the agent is promoted
Ly = and the variable W, in equation (11)

0  otherwise

reflects the financial wealth, defined as the amount retained by the investor at the beginning of
period ¢ + 1 in financial assets that were bought at time ¢.

In equation (12) the factor a;.; denotes the proportion of wealth invested in risky assets. We
also have R ;1 = exp (ri1iv1), Ry = exp (ry) . Three possibilities arise from the budget con-

straint in equation (11).

1. The investor may be employed and spend money with his own education, in which case
Witisn = Wi + Livi — Xowi — Cod) (1 + Ry priga)- (13)
2. An employed investor is promoted, and the restriction reads

Wilin = Wi + T — Crpd) (1 + Ry i) (14)

3. The investor may be retired
M/g:l—i—&—l = (VVtJri - Ct+z‘)(1 + Rp,t+i+1)‘ (15)

Depending on the case we are dealing with, there will be three different Euler equations for the
optimization problem.

In the first case, we write Bellman’s equation as

V (W, i) = ? t+z UX ; L,u,
(Weps) = {C+tit+z at+z}l 0 Lzﬁ ( +o(Xey )> | L, ue gt]
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corresponding to maximizing with respect to Cy;, X1, aiy; the expression

esl—7

ff,y +H0(Xpsi) +BE s {7 [TV (W) + (1= a)V(WES )] + (L= 7)1 = 7)Y V(W 00) ) -

The first-order conditions for this problem are the following. For «y,
Eril V! Wirie ) (1 + Riyin) — (1 + Ry))] =0
implying that
Epi [v/ (Cffi1) (14 Repin)] = By [u (Cffiyy) (L4 Ry)]
With respect to C, we have
U’(ijz) = BEt+ { [776 (VH+ 1 -7~ Wd)ﬁvl ( tr+i+l)} (1- Rp,t+z’+1)}

where

(V') =7V (Wtefiﬂ) + 7V (I/Vf«iiﬂ)

and V(W) = «/(C') by the envelope theorem. This leads to

B {5 lwe €+ - () ] (1- Rp,m-m} -1
t+1

ep -y es -y
where (C) = 7 (%) + (1 —=P) (%) :

t+i t+i
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Finally, with respect to X, we have

v'(Xi) = BB {[WEWSV,(Wtifz‘H)](l - Rp7t+i+1>} (16)
and V'(W) = v/(X) by the envelope theorem. This leads to

1

4 V' (Xivit1)
B

= F ; e_s
" {W U’(Xt+i)

(1 - RLt-&-i—!—l)] .

In the second case (promoted investor), we have

0.0 Cl
V (W, i) = 4 t+1 X . I g,
( t+) {Ciys, Xt+1 at+1}1 0 [Zﬁ ( ( t+ )) | ty Ut ft]

t=0
corresponding to

ept =7

- U(Xi4i) + BE [Wev (Wtefi+1) +(1 =7 (1 o Wd) 4 (Wtcri+1)}

a.
{Crsi Xeqiraupi}2g 1 — 7y

The first-order conditions for this problem are the following. For ay,
Epril V! Werie ) (1 + Rieyin) — (1 + Ry))] =0

leading to

Et+i[u/<0te-€z‘—|—1)<1 + Ritiv1)] = By [u/(cﬁwl)(l + Rf)]‘

With respect to C,

u'(C) = (7 BE V' (Wepinr) + (1= 1) (1 = 1) BE V' (Wietinn)) (1 + Rppiisa)]-
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Let 3" = B(1 — 7). Since V' (W) = v/ (Cyy;), the first-order condition reads

i) O
Eiiq |70 ( C’Zj ) + (1 —7)p" (C’J) (14 Ripqiv1) ¢ = L. (17)
t+1 t+1
Finally, in the third case (retired investor) we have
= (G
VW) = max Yl —/ + (X Lty wegis §4pg
(Wews) = max ;ﬁ T oK) | Lk e s

rl—=>

Ciy
= max as 5 +v(Xegq) + B(1 — Wd)EtJrz‘V(m:Lz‘ﬂ)-

{CrpiXiqiaryi}2y 1 —

The first-order conditions are now

C : W(Cl,) =80 =71YEV (W) (L4 Ryprivn)
Viw) = (0)

= '(C};) = B — 1) Epi o/ (Cfia) (1 + Rppyinn)}

o o B [VVOV ) (A + Regia) — (14 Ry)) =0
g (Gl ) .
= 1=FE |8 or (1+ Rityivr)| - (18)
ti

Notice that 37 = 3(1 — 7¢) may be read as an effective discount rate, incorporating the proba-
bility of death. The effect of increasing the expected life after retirement (lowering 7%) is equivalent
to having a larger effective discount factor 3", leading the investor to give a relatively larger value

to the present. This rephrases the same idea as in Viceira (2001).

3.2 An approximate log-linear solution

Just as in Viceira (2001), we follow Campbell and Viceira (1999) to find an approximate solution

to the problems above, through the method of undetermined coefficients. This process requires
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three steps. First, we make a log-linear approximation of the budget constraints and of the Euler
equation around the steady states. Second, we look for optimal policy functions for consumption
and portfolio allocation using the log-linearized equations. Third, we identify the coefficients of
the policy functions using the undetermined coefficient method.

This procedure is possible since the assumptions about preferences, working income, wealth
transfer, and the set of investment possibilities ensure positive consumption, savings, and financial
wealth along the optimal path. In that case, the state variable defined as the log of the ratio between
the financial wealth and the working income is well defined and stationary?.

Two facts are important to drive results. First, the marginal utility of consumption tends to
infinity as the consumption is reduced to zero; and second, that in each period there is a strictly
positive probability that the working income is zero (in case of retirement). Due to these facts,
the investor chooses the optimal rules on consumption, investment, expenses with education, and
savings in order to ensure a strictly positive consumption in future periods. This implies not only
attaining each period with a strictly positive endowment, namely Wy, > 0, W, %, > 0, but also that
every period ends with strictly positive savings, W, + Lyy; — Xyy — Cg3; > 0and W7, + Ty —
Cy7; > 0. Therefore, the logarithms of these quantities are well defined. Similarly, in the case of
retirement we must have W/, and W/, — C/; > 0. We thus have three budget constraints to be
log-linearized.

In the first case (employed investor educating himself), from equation (13) we have

es L i Wesi X, 3 C 7

Livivi Liyina Livi Ly Ly

3Viceira (2001) demonstrates the stationarity of log (/L) along the optimal path.
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leading to

wii; = log [1 +exp (wtej-z - lt+i) — exp (Te4s — ) — €xp (Cfiz - lt+i)]

Hlovivr — Alprivr + 7% i1 (19)

Linearizing equation (19) around the expected values of (¢;y; — li4i), (T4s — li44) and (wi?; — 1)

leads to

wfiiﬂ —lyiv1 ~ K+ pp (ng-l —livi) = P57 (Topi — ligs) (20)

€S €S €es
=5 (il = ligi) = Alpypipr +7 Pt

where k%, p53, po°, p%® are log-linearized constants described in Appendix A.

In the second case (employed investor promoted), we have from equation (14)

ep ep ep
Wt+i+1 _ Tt-&-i (1 VVH—Z' . Ct+i
E+i+1 /—Z—;t+i+1 /I;Hri T;SJri

Y1+ Ryyvit1)

leading to

wifipn = log [1+exp (wiy = mips) +exp (¢ — 701

ep
FTerirr — ATepirs + i (21)

Linearizing equation (21) around the expected values of (c;1; — 744,) and (w;}; — 7¢;;) leads to

ep .~ L€P eD(,,€P __ ) P (P D) — . €p
Wiy = Terivn & KP + ol (Wi — 7o) — p (G — Tei) — AT + 75000 (22)

where, £, pP, pcP are log-linearized constants described in Appendix A.
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Finally, for the retired investor we have from equation (15)

— 1+ R,y
Wt+i)( + Ryiviv1)

leading to

Wiyi1 — Weri = log [1 — exp{ersi — weri b + 1744041

Linearizing this last equation around the expected value of (c;1; — wyy;) and E(wj,; — wits),

we obtain

Wy iy1 — Wi = K — pplCrpi — Weyi) + 7 40501 (23)

where k", p. are log-linearized constants described in Appendix A. All these constants £, pf, | pt, pi |
for i = r, es, ep depend only on the long-run expected value of the logarithm of ratios between
financial wealth, working income, gains of promotion, and consumption. Campbell and Viceira

(1999) derive an approximate expression for the log-return of the portfolios

log(1+R) = r
Rptviv1 = aRyip+(1—a) Ry = (R — Ry) + Ry
2

1
Ppprivl = O(Tppip1 —7f) +rp+ 5 (1—a)oy,.

Notice that the Euler equations (16), (17), and (18) are non-linear. However, we may find an

approximate log-linear solution for each of them*

e In the first case, the Euler equation for optimal consumption is

1:Et{

“Each of these Euler equations is derived in Appendix A.
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Define A(u,v) = —vEu (i — Gyi) + 30T [Tigrrn — ¥ (i — ¢hyy)] for u =

es,ep,r and v = es, ep, r. Log-linearizing the Euler equation yields

0= Eppi(rispisr) +7° Y m {log B+ Alej,es)} + (1 — 7°) {log 8" + A(r,es)} . (24)

J=p,s

The Euler equation for the amount spent with education is

U'(Xt+i+1)

1
R E e S
d V' (Xits)

3 (1 = Ristit1)}s

becoming after log-linearization

1
0=nm"L {logﬁ - 7($t+i+1 - $t+i> + Titrit1 T VAT [Ti,t++z‘1 - ’Y(iCt+i+1 - $t+i)]} .

2
(25)
The Euler equation for the second case is
Cepi I T Cy 7
i+ t+i
Log-linearizing this expression we obtain
0= Eiri(risriv1) + 7 {log 5+ A(ep,ep)} + (1 — 7°) {log 8" + A(r,ep)}. (26)

Finally, for the third case, the Euler equation is

1:Et

T Otr—&-i-l—l -
B Cr (14 Rityit1)
t+i
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and the log-linearized expression is

0=logB" + Et+i(Ti7t+i+1> + A<T7 7")- (27)

With this set of approximated analytical solutions we may now characterize the optimal choices
of consumption and investment.

In the next sections we shall characterize the optimal choices for investors who retired, for
investors who are employed but were promoted, and finally, for those investors who did not yet
receivea promotion and continue to invest in their education.

Due to the fact that retirement is irreversible, the optimal policy for retired investors does not
depend on the optimal policies of employed investors. However, when the investor is employed,
he or she must consider the possibility of retiring in order to decide when and how to save. A
similar argument applies to the promotion process. After a promotion, the optimal policy should
not depend on the optimal policy if he were still without his promotion. However, while the investor
stays in the current job, he must consider the possibility of a future promotion in order to define his

optimal allocation policy.

3.3 Choices of a retired investor

When the investor is retired the working income is zero in all future periods by assumption. There-
fore, the investor makes his choices according only to his wealth. The investor faces a classi-
cal decision for which a closed form solution has existed since the papers of Merton (1969) and
Samuelson (1969)). In this case, the solution method described above produces the exact solution

up to the discrete-time approximation to the log return on wealth.

Proposition 1 The optimal rules for consumption and portfolio investment when the working in-
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vestor is retired are:

Cori = bo+ brwey (28)
2
+ Zu

o = B2 (29)
Ybiog

where b] =1 and

1 1 1 1
by = — ( qu) ' K; - 57{) Elrppviva] + 5 log 5 + 5(1 — 00 *varei(rpis1) — UIA"

Proof. See Appendix B m
This Proposition presents the optimal portfolio rule as depending on the parameters of the
consumption function. We must then start characterizing the optimal consumption in this case,

and then move to the analysis of the optimal portfolio.

3.3.1 Optimal consumption

The above Proposition 1 shows that the logarithm of the consumption is a linear function of the
state variable given by the logarithm of the financial wealth. The slope of this relationship (b}) is
the elasticity of the consumption with respect to the financial wealth. This elasticity is exactly one
in the retirement state, implying a constant ratio consumption/wealth during the retirement period.

The intercept b characterizes the constant consumption-wealth ratio of retired investors. This
term shows that consumption is affected by several factors. The relative consumption increases with
the discount rate. It also increases with the portfolio’s expected return for those retired investors
whose elasticity of intertemporal rate of substitution is less than the elasticity of consumption with

respect to his or her wealth (= — b}) < 0. On the other hand, if the retired investor has an in-

1
5

tertemporal elasticity greater than the consumption elasticity (% — b}) > 0, the consumption will
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tend to decrease since the investors choose to save more, given that the substitution effect domi-
nates. There also exists a precautionary saving effect given by the variance of the equation above.
The magnitude of this effect is proportional to the coefficient of relative risk aversion and wealth

elasticity of consumption.

3.3.2 Portfolio choice

Proposition 1 also characterizes ", the optimal proportion of wealth to be invested by the retired
investor in the risky asset. Notice that there is only one component in the expression for a”. It
represents the allocation that would be optimal if there were no income being received by the
investor. This term is proportional to the asset risk premium and decreasing with the coefficient
of risk aversion ~y. Also, it decreases with the consumption elasticity b]. This term is known as the

myopic portfolio rule (see Campbell and Viceira, among others).

3.4 Choices of a promoted investor

In the case studied in this section, the investor faces the uncertainty about being still employed
in the next period. Since the investor was already promoted, he makes his choice based on the
working income, the extra amount of wage that he received with the promotion, and consumption.

We may now characterize the optimal allocation under such circumstances.

Proposition 2 The optimal rules for consumption and optimal portfolio investment when the work-

ing investor is promoted are:

i — Tevi = b 4+ 07 (Wepy — 7o) (30)

02 e (& e €
a? — iy _n (1_b1p>‘7§u T (1_b1p)(z_1)05u 31)

- c 2 c 2 Cc 2
/Yblo-u blo-u blau
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where b5 = m°b’ + (1 — 7°)b} and 0 < ¥ < 1 with

i = =l
(1 —7e) + pb5] \ v

1
gV (0 = zg — BT — (1= )t

1
- bi) Eri(rpiyivt) + ;(76 log B+ (1 —7°)log ")

Proof. See Appendix B>. m
Just as in Proposition 1, the above result shows that the optimal rule for the portfolio allocation

depends on parameters of the optimal consumption rule.

3.4.1 Optimal Consumption

Proposition 2 shows that the logarithm of the ratio consumption/new income is a linear function
of the logarithm of the state variable, the ratio wealth/new working income. The slope b7” of this
relationship is the elasticity of the consumption with respect to the financial wealth in the state
where the investor is employed and promoted. Similarly, 1 — 03" is the elasticity of consumption
with respect to the new working income. Moreover, since we know that the gains of promotion are
proportional to the working income (7 = z[), then the elasticity of the consumption with respect
to the promotion gain is (1 — b7")(z — 1).

The exponential of the intercept of the linear relationship (bg") is a factor scaling the optimal ra-
tio consumption/working income above or below the current ratio between wealth and working in-
come. As in the case of the retired investor, the optimal consumption is affected by several factors.
First, relative consumption is increasing in the interest rate. The relative consumption increases
with the discount rate. It also increases with the expected return of the optimal portfolio for retired

investors who have intertemporal substitution elasticity lower than the elasticity of consumption

3In Viceira (2001), the term b$k°P in our last line reads simply k°P. This is responsible for the main differences
between our simulation when we make z = 1 to recover his case, and his simulation. Qualitatively, however, the results
do not change.
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with respect to wealth (% — b§l> < 0. If the reverse happens, however, and <% — bf’) > 0, con-
sumption will tend to diminish, since investors will prefer to save more, given that the substitution
effect dominates. There also exists a precautionary saving effect given by the variance of the above
equation. Finally, b" is an increasing function of the variability of the working income (¢) and on
the gains of promotion (z). An investor who expects his or her working income to increase in the

future, may feel freer to consume a larger fraction of his or her current resources.

3.4.2 Portfolio Choice

Proposition 2 also characterizes the optimal proportion a®? of wealth invested in risky assets. No-
tice that there are three main components in this equation. The first represents how the allocation
would be if the working income had no impact and if there were no promotion at all. This first term
is proportional to the risk premium of the risky asset and proportional to the inverse to the risk aver-
sion coefficient ~y, and to the elasticity of consumption with respect to the wealth. It is important to
notice that the consumption/wealth elasticity in this equation is given by b5 = 7¢b” + (1 — 7°)b7,
an average elasticity considering the different states of nature. In particular, b;” < b} implies that
employed investors are less risk averse than retired investors (once that b] = 1 and 0 < b” < 1).

The second term explains the relationship between the working income and allocation in risky
assets. If this term is different from zero it is because somehow the working income is related to
the return on the risky asset. If there is a positive covariance, the working income is increasing
the risk of the investor. In that case, the investor will seek to diminish the risk, lowering his or her
investments in the risky asset. In the opposite case of a negative covariance, working income can
be seen as an insurance against the position on the risky asset. In that case, investors may increase
their position in the risky asset. That is why this second term is known as the hedging term.

The third term describes the position of the investor reflecting how the return of the risky asset

is correlated with the gains of education provided by the promotion. Notice that the gain is pro-
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portional to the investor working income. Therefore, this term is non-zero as long as the working
income covaries with the return of the risky asset. Notice also that the coefficient z denoting the
fraction of income that is offered to the agent as a rise of his wage is proportional to the inverse
to the fraction of wealth invested in the risky asset when the considered covariance is positive. In
other words, in that case the rise would be increasing the risk and the investor tends to compensate
that by investing less in the risky asset. Clearly the gains of promotion will act as an insurance
against the risky asset in the opposite case of a negative covariance, and the larger the fraction of

gains, the larger will be the proportion of wealth invested in the risky asset.

Proposition 3 When the working income is independent of the return on the risky asset, promoted
investors invest a higher fraction of their savings in the risky asset than do retired investors. More-

over, limge_,g o’ = .

()
Proof. Take o¢, = 0,a% = A

and " = oot Since b§ = b + (1 —7¢)b} and bT” < b7,
it follows that b < b = a®” > o". Besides, when 7° — 0 = b — b7, leading to o — o". ®
Intuitively, when the investor is retired he will have one less source of income than in the
case where he is working. Therefore, the effect in consumption of an increase in wealth would
be relatively greater to the retired investor, and his consumption/wealth elasticity would be larger.
Thus, considering the idiosyncratic risk of working income, the allocation in risky assets is rel-
atively greater for the employed than for the retired investor. This Proposition shows that with
non-stochastic working income, human capital is equivalent to an implicit investment in a riskless

asset, allowing to increase the proportion of wealth invested in the risky asset.

3.5 Choices of an employed investor spending in education

As in the previous section, since the investor i1s employed he faces the possibility of two different

states in the future. Either the investor is employed in the next period with probability 7€, receiving
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a working income, or the investor is retired with probability 1 — 7¢, receiving no working income.
However, there is an additional source of uncertainty, namely whether he will be promoted in the
next period or not. For simplicity, we assume that the chance of promotion is greater than the

possibility of retirement of the agent, that is:

1 1
—>—=7">(1-7°%.
" P

The uncertainty about whether or not the agent will be promoted in the next period exists only while
the investor is employed. Given all these considerations, the employed investor will then decide on
the consumption level, the optimal portfolio of financial assets, and how much to spend with his
education looking for future promotion (or better job).

We may now characterize the optimal rules characterizing those decisions.

Proposition 4 The optimal rules for the consumption of the investor, for how much is spent with

education and for the investment in the portfolio when the investor is working are

ity = Lo = 057 + 07 (Weps — li44) (32)
Topi — ey = 057 + 057 (weps — L) (33)
s Mt 02—3 (1 = b8%)oe,  memP(L = bYF)zog, (34)
R bi‘os, bi‘os,
where 0 < b§*,b5° < 1,05 = w¢(7Pb” + °05°) + (1 — 7°)b] and
i 1 (5 = 55) Braslrpeccen) + ~(x°log B+ (1 — ) log ) +
- _ S (Tt —(7°lo —7%) 1o
’ (= mem) +bppe] oy + ) el LA ©
1
e (e — b ) — g(b — 1) — (7 4+ (1 — b)) — 7or(1— BP) (2 — 1)g]
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1 1

pes = —— —  [[Z_ps ) E ; ; 1 o 1 — pes
2 (1+ TSPES)[<’V 1> ti(Tpivit1) +log B — g( )+
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Proof. See Appendix B. m
This Proposition shows that the optimal portfolio rule in the case under study depends on the
parameters of the functions describing the consumption and spending with education. We shall

analyze each of these functions.

3.5.1 Optimal Consumption

Proposition 4 shows that the logarithm of the ratio consumption/working income is a linear function
of the logarithm of the state variable, the ratio wealth/working income. The slope of this relation-
ship (b$%) is the elasticity of the consumption with respect to the financial wealth in the state where
the investor is employed with no promotion. Similarly, 1 — 0¢° is the elasticity of consumption with
respect to the working income.

The exponential of the intercept of the linear relationship (b5°) is a factor scaling the optimal
ratio consumption/working income above or below the current ratio between wealth and working
income. As in both cases studied above, the optimal consumption is affected by several factors.
First, relative consumption is decreasing in 3. It also increases with the expected return of the
optimal portfolio for investors who have intertemporal substitution elasticity lower than the elas-
ticity of consumption with respect to wealth (% — b?’) < 0. If the reverse happens, however, and
(% — bﬁs) > (, consumption will tend to diminish, since investors will prefer to save more, given
that the substitution effect dominates. There also exists a precautionary saving effect given by the
variance of the above equation. Finally, b5° 1s an increasing function of the variability of the work-
ing income g. An investor who expects his working income to increase in the future, may feel freer

to consume a larger fraction of his current resources.
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In addition, notice that 05° is the intercept of the equation characterizing the amount spent with

education. Hence, the more is spent with the education, the less the investor consumes.

3.5.2 Optimal amount spent with education

Proposition 4 shows that the logarithm of the ratio between the amount spent with education and the
working income is a linear function of the logarithm of the state variable, the ratio wealth/working
income. The slope of this relationship (b5°) is the elasticity of the amount spent with education
with respect to the financial wealth in the state where the investor is employed without promotion.
Similarly, 1 — 0§° is the elasticity of amount spent with education with respect to the working
income.

The exponential of the intercept of the linear relationship (b5°) is a factor scaling the optimal
ratio between the amount spent with education and the working income above or below the current
ratio between wealth and working income. As above, the optimal consumption is affected by
several factors. First, the relative amount spent decreases with 3. It also increases with the expected
return of the optimal portfolio for investors who have intertemporal substitution elasticity lower

than the elasticity of consumption with respect to wealth <l — bi’s> < 0. If the reverse happens,
8!

however, and (% — b?) > 0, consumption will tend to diminish, since investors will prefer to save
more, given that the substitution effect dominates. There also exists a precautionary saving effect
given by the variance of the above equation. Finally, b5 is an increasing function of the variability
of the working income. An investor who expects his working income to increase in the future, may

feel freer to consume a larger fraction of his or her current resources.

3.5.3 Optimal portfolio

Proposition 4 also characterizes the optimal proportion a*® of wealth invested in risky assets in this

specific case. Notice that there are three main components in this equation. The first component
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represents how the allocation would be if the working income had no impact. This first term
is proportional to the risk premium of the risky asset and proportional to the inverse to the risk
aversion coefficient -y, and to the elasticity of consumption with respect to the wealth. It is important
to notice that the consumption/wealth elasticity in this equation is b° = 7¢(7Pb{ + 75b5%) 4 (1 —
7€)b}, an average elasticity considering the different states of nature. In particular, since b =
b + 7055 < b7, this would imply that employed investors are less risk averse than retired
investors.

The second term explains the relationship between the working income and allocation in risky
assets. Just as before, if this term is different from zero it is because somehow the working income
is related to the return on the risky asset. If there is a positive covariance, the working income is
increasing the risk of the investor. In that case, the investor will tend to diminish the risk, lowering
his or her investments in the risky asset. In the opposite case of a negative covariance, working
income can be seen as an insurance against the position on the risky asset. In that case, investors
may increase their position in the risky asset. Again, this second term is known as the hedging
term.

The third term describes the position of the investor reflecting how the return of the risky asset
is correlated with his gains of education that will be provided by the promotion in the future. Notice
that, although we are considering the case where the promotion has not yet occurred, the investor
must make his choices strategically, knowing that at some point in the future his salary may rise.
Also, recall that the gain is proportional to the investor working income. Therefore, this term is
non-zero as long as the working income covaries with the return of the risky asset. Notice also
that the coefficient z denoting the fraction of income that is added to his wage is proportional to
the inverse to the fraction of wealth invested in the risky asset when the considered covariance is
positive. In other words, in that case the gain would be increasing the risk and the investor tends to

compensate that by investing less in the risky asset. Again, it is clear that it will act as an insurance
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against the risky asset in the opposite case of a negative covariance, and the larger the fraction of

gain, the larger will be the proportion of wealth invested in the risky asset.

Proposition 5 When the working income is independent of the return on the risky asset, working
investors who are still spending in their education invest a lower fraction of their savings in the risky
asset than promoted investors if b5° > bi¥, and invest a greater fraction if b$* < bi'. Additionally,
working investors invest a larger fraction of their savings in risky assets than do retired investors.

Moreover, lims_,g a® = a?, and lim e_oa® = o.

_ es _ M+3* ep __ pt—* ro_ bt : cc __ e -DLEP spes
Proof. Take 0, = 0,0 = =2y, o = T and o = Sy Since by = m(7Pby” + w7b5°) +

(1 — m©)b] and b§ = 7web” + (1 — w©)b} if 5° < b = b§C < b§ = o > aP. On the other hand,
if 05° > b = b > b = a® < aP. Similarly, since by = 7¢(7wPb + 78b¢*) + (1 — )b, once
b < b = b5 < b = a® > a”. Besides, when 7° — 0 = b5 — b and a®® — . Moreover,
™ —=0=0b°—=banda®” — a’. B

Different from Proposition 3, it is not clear if b7" < (>)b5*(b§ < (>)b$°). However, since the
working income path is longer to the investors at this stage of life, and they expect their income
to rise, it is natural that their consumption/wealth elasticity be lower than in forward stages of life.
Then, we can expect that in the early phase of life, when the investor is educating himself, he makes
more investment in the risky asset.

Therefore, just as before, this Proposition shows that with non-stochastic working income, hu-
man capital is equivalent to an implicit investment in a riskless asset, allowing to increase the

proportion of wealth invested in the risky asset.

4 Calibration

In this section we illustrate the analytical results presented above. A calibration exercise is based
on an empirically plausible parameterization of the process for asset returns and the process for
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individual labor income®.

The optimal policies in the periods pre- and post-promotion depend on pS°, p&°, p%7 pcP, and pSP
respectively, and the log-linerization parameters constants in the budget constraint (equations (20)
and (22)). But these constants are endogenous parameters, because they are monotonic functions of
the mean financial ratio wealth-labor income. In fact, equations (30), (31), and (32), (33), (34) for
the optimal policies and the equations for the constants (given in the Appendix) define a non-linear
mapping of the constants onto themselves.

We solve for the fixed point in this mapping using a recursive algorithm. First we define a set
of parameter values, next we compute bj and o” (which do not depend on any log-linearization
constants), and we choose initial values for the log-linearization constants’. Then, we compute
bl b, bg%, bYE, bS7, bS®, P and a®, using them to obtain a new set of values fo the log-linerization
parameters constants in the budget constraint. From this new set of constants, we can find new val-
ues for the optimal policies in the employment state. This recursion continues until the convergence
is achieved.

The values for the parameters describing the investment opportunity set are based on the his-
torical estimates of the average equity premium, the short-term real interest rate, and the variance
of excess stock returns in the U.S. stock market®. The return of the riskless asset R is set to 2%
per year. The standard deviation of unexpected log excess returns (o) is set to 18% per year.
The log excess return on the risky asset (1) is set to 4.21% per year to match the historical 6%
excess return on equities. The values for the parameters describing the labor income process are
based on the most recent microeconometric estimates of equation L, = Lyexp{g + &, ,}. The

standard deviation of innovations in log labor income (co¢) is set to 10% per year. Expected log

The algorithm and the parameters are the same used by Viceira (2001).

"We choose the initial values for the constants so that p¢°, p2%, p&5 > 0, pP, p > 0 and 1 — p5 + p% + p<& >
0,1 — p 4 pcP > 0. This ensures that £°° and k°? are defined.

8Campbell, Lo, and MacKinlay (1997).
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income growth (g) is set so that the expected income growth equals 3% per year. After promotion,
the agent has an wage upgrade of 50%, which means that » = 0.405.

Two different values are considered for correlation between innovations in log labor income
and innovations in stock returns: 0% and 25%. The zero correlation value represents the important
benchmark case of idiosyncratic labor income risk, and 25% correlation value is useful to illustrate
the interaction of hedging and risk aversion on optimal portfolio demand.

Tables I and II report the optimal policies for relative risk aversion coefficients v = 3 and 5,
expected number of years until retirement {35, 30, 25, 20, 15, 10, 5}, and expected number of
years until promotion {15, 10, 5}. Table I presents the results when labor income is idiosyncratic,
and Table II presents results when there is a 25% correlation between unexpected stock returns
and shocks to labor income. The expected lifetime after retirement is set to 10 years, and the time

preference rate is set to 10% per year.
Table | - Proportion of wealth invested in risky portfolio (Correlation Zero)

Expected time until promotion 15 10 5
Expected time until retirement 35 30 25 20 15 10 5 Retired
RRA
3 with educ. 8243% 80.18% 79.42% 72.42% 69.61% 66.47% 62.33% 59.98%
without educ. 81.17% 78.15% 75.19% 72.42% 69.61% 66.47% 62.33% 59.98%
5 with educ. 40.52% 40.79% 42.10% 38.87% 38.45% 37.84% 36.87% 35.99%
without educ. 3959% 39.39% 39.17% 38.87% 38.45% 37.84% 36.87% 35.99%

Table I reports a®*, a?, and o” when labor income risk is uncorrelated with stock market risk.
As predicted by propositions 3 and 4, the share of stocks in savings is routinely larger in education
state than in promoted state and larger in employment state than in retired state. Intuitively, when
labor income risk is idiosyncratic, no retired investors choose their portfolios as if their human
capital resembles a forced investment on the riskless asset, which is reinforced when the agent
invest in his own education. This investment is larger for investors with longer horizons, because
expected future labor income, relative to its current level, is increasing in the expected retirement
horizon. Therefore, it is optimal for investors with longer horizons to hold a larger fraction of their
financial wealth in stocks.

The interaction between hedging, retirement horizons, and risk aversion is illustrated in Table

38



II. This table shows that a small, positive correlation between labor income risk and stock market
risk has significant negative effects on the optimal portfolio demand for stocks. Both tables show

that the fraction invested in risky asset goes down when risk aversion increases.
Table Il - Proportion of wealth invested in risky portfolio (Cormrelation 0.25)

Expected time until promotion 15 10 5
Expected time until retirement 35 30 25 20 15 10 5 Retired
RRA
3 with educ. 77.05% 75.35% 74.80% 69.42% 67.30% 64.91% 61.76% 59.98%
without educ. 76.26% 73.94% 71.70% 69.54% 67.38% 64.97% 61.79% 59.98%
5 with educ. 38.72% 38.90% 39.70% 37.70% 37.46% 37.05% 36.52% 35.99%
without educ. 38.20% 38.08% 37.95% 37.76% 37.50% 37.07% 36.53% 35.99%

Table III shows the ratio of hedging component to total demand of risky assets. In all periods,
the positive correlation of human capital with stock returns makes investors reduce their exposure
to risk, decreasing their investments in risky assets. Notice that for both types of risk aversion, the
hedging term represents a significant fraction of total portfolio at long retirement horizons, reaching

almost 7% of the total demand of risky assets.
Table Ill - Hedging Component

Expected time until promotion 15 10 5
Expected time until retirement 35 30 25 20 15 10 5 Retired
RRA
3 with educ. -6.98% -6.41% 6.18% 4.32% -3.43% -2.40% -0.92% 0.00%
without educ. -6.44%  -6.98% 4.87% 4.14% 3.31% -2.31% -0.87% 0.00%
5 with educ. -4.65%  -4.86% 6.05% -3.10% 2.64% -2.13% -0.96% 0.00%
without educ. -3.64% -344% 3.21% 2.94% 2.53% -2.08% -0.93% 0.00%

Education has a significant impact in portfolio allocation too, as predicted in preposition 4.
When labor income risk is idiosyncratic, education act as a riskless investment, raising the invest-

ment in risky assets.

Table IV - Education Effect (correlation zero)
Expected time until promotion

15 10 5
RRA
3 1.55% 2.60% 5.63%
5 2.35% 3.55% 7.48%

To illustrate the situation we report the portfolio path over the life cycle for both types of risk
aversion. The red line in Figures 1 and 2 represents the proportion of demand of risky assets in
portfolio when the labor income risk is idiosyncratic, and the blue line represents the same but
when the correlation between labor income risk and stock return is positive. Notice that in both
cases there are trends of decreasing the proportion of investment in risky assets as discussed above,
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and at the earlier stage, the investment in education encourages the agent to increase his position in

risky assets. Also, it is easy to see the hedging effect pushing the portfolio path down.
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Figurel : Portfolio path over the life cycle (v = 3)
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Figure 2 : Portfolio path over the life cycle (v = 5)

To show the education effect, the portfolio path is illustrated in both cases of risk aversion
(considering zero correlation), when the investor chooses to educate himself and if not. Notice
that if the choice for education occurs the investment in risky assets goes up, until the promotion
occurs and the spending with education ceases. At the next stage, the allocation becomes the same

as with no education’. If there is a positive correlation between labor income and stock returns, the

%In this special case with labor income being idiosyncratic.
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promotion adds income and risk to the agent that educated himself, making the investor reduce his

risky investment relative to the non-educated investor.
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Figure3 : Portfolio path over the life cycle (y = 3)
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Figure 4 : Portfolio path over the life cycle (v = 5)

5 Conclusions

This paper has characterized the optimal asset allocation for an investor who chooses to make an
upgrade in his educational level, looking for better work opportunities in the future.
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We present our main findings as follows. First, we describe how the portfolio allocation changes
in time for an investor that upgrades his or her education. Next, we discuss how this allocation
changes for different levels of education. In particular, when no education upgrade occurs, the
results of Viceira (2001) are recovered.

We then examine the life cycle of an investor who upgraded his or her education. When the
working income is idiosyncratic, i.e., not interfering in the portfolio choice since the working in-
come is not correlated with the return on the risky asset, we may state the following: since the
elasticity of consumption with respect to wealth decreases as the investor retires, the fraction of
wealth invested in the risky asset will be reduced. The intuition for this result is as follows. em-
ployed investors have more income sources than retired investors. Hence, the impact of a variation
of employed investors’ wealth on their consumption level will be lower than in the case of retired
investors, and the latter will have a greater consumption/wealth elasticity than the former. Notice
that investors under an educational upgrading process have an expeceted working period longer
than investors already promoted. Also, such investors expect an increase in their income level in
the future. It is therefore natural that their consumption/wealth elasticity be lower at this educa-
tional stage than in later stages of life (after promotion or at retirement). We then conclude that
investments in the risky asset are proportionally larger during the educational period.

In this particular case where working income is idiosyncratic, we were able to obtain a de-
creasing curve for asset allocation in the risky asset along the different stages of the life cycle. In
fact, our results point out that allocation in risky assets tend to be high in the early stages of life
(investors spending money with education until their period of promotion), decreasing in the late
stages of life (employed and promoted investors, until they retire).

Additionally, the life cycle characterization should be completed with the case where shocks
in the working income are correlated with unexpected returns of the risky asset. In this case, an

investor could change his or her risky asset allocation in order to profit from hedging opportunities,
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regardless of the stage of life except, of course, for retired investors who do not receive any more
working income. If such correlation is positive, investors will lower the demand for risky assets
as compared to the idiosyncratic case, since the working income is already risky. As correlation
increases, it is optimal for employed investors to decrease the fraction of their wealth allocated in
the risky asset. A sufficiently large correlation could lead the hedging term to dominate the optimal
allocation, leading the investor to avoid the risky asset. Notice that, due to positive correlations,
the curve for asset allocation in the risky asset along the different stages of the life cycle may
present an increasing shape, as opposed to the case where working income is idiosyncratic. We
are left to consider the case of negative corelation. It follows from the above considerations that
negative correlations can, at most, reinforce the idiosyncratic decreasing shape of the curve for
asset allocation in the risky asset along the life cycle.

We now turn to the analysis of the optimal allocation on the risky asset during the working
period, comparing the case of educated and non-educated investors. Two factors affect the optimal
asset allocation for an educated investor: first, the expected future gain from promotion; second,
additional hedging capacity, due to a higher income level. The increase in expected income level
makes the consumption/wealth elasticity decrease, contributing to an increase in the proportion
of wealth invested in the risky asset. The additional hedging capacity depends directly on the
covariance between the working income and the return of the risky asset. If this covariance is
positive, education may be seen as a risky investment, reducing the proportion of wealth invested in
the risky asset. This last effect may even dominate the effect of the first factor when the covariance
is too high. If the covariance is negative, the investment in education can be seen as an insurance,
leading investors being educated to increase their share of risky assets, as compared to non-educated

investors.
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A Log-linearization of the budget restriction and of the Euler

equations

A.1 Log-linearization of the budget restriction of the retired agent

The budget restriction of a retired agent corresponds to the equation (23), and may be written as

r
Wt+i+1
Wi

Cii
Wi

= (1- )1+ Rppyiva)

r — r
= Wi — Wi = log [1 —exp{ery — wipi}] + 7000

Linearizing the logarithm of this equation, taking the first-order Taylor expansion around (¢}, —

Wiyi) = E(cy; — wisq) and (wiy; — wiyi) = E(wiy; — weyy), we have

T ~ LT 7 PR . T
Wipip1 — Wepit1 B K" — pelceps — Wepd) + 100511

where

o= exp b (c;—&-i - wt+i)
¢ 1—expE (¢f; — wisi)
K= =1+ p0)log(1 + pr) + prlog(pl)

where p!. > 0, since W; — C; > 0 through the optimal path.
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A.2 Log-linearization of the budget restriction of a promoted working agent
When the working agent has no more expenditures with education, the budget constraint is given
by equation (14), which may be rewritten as

ep ep ep
Wt+i+1 ﬂ-i—i VVH—Z' Ct+i

= 1+ -~
1—;‘,+i+1 /—Z—;f+i+1 ( /I;‘/+i 7-;5+i

)L+ Rppyivr)
= wfﬁiﬂ — Titip1 = log [1 + eXp{wfﬁi — Tipif — eXp{Cﬁi - Ttﬂ'H

ATy + T;ﬁﬂﬂ-
Linearizing the logarithm of this equation, taking the first-order Taylor expansion around (c;"; —

Tiri) = E(¢8; — Teya) and (wi; — Te44) = E(wy}; — T44) we have

ep Lo JeeP €D (2P N — P - ) — . €p
Wit — Terivl KT+ py (wt—i—i Tevi) = P (Copi — Teti) ATt+Z+1+Tp7t+i+1

where

exp E (wih; — Ti44)

ep —
P 1+exp B (w;, — 7o) —exp E (¢, — T144)
. exp B (¢} — Tuvi)
‘ 1+exp E (w, — 7o) —exp E (¢, — Tis)
kP = =1 = pg + ) og(1 = pig + %) = piy log(pyy) + p2” log(pL).
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A.3 Log-linearization of the budget restriction of the working agent with

expenditure with education

The budget restriction of the working agent while there are expenditures with education is given by

equation (13), which may be rewritten as

es es
VVt—f—z‘—s—l o Lt+i (1 + M/H—i _ Xt+i . Ct+i
Lt+i+l Lt+i+1 Lt+i Lt+i Lt+i

)+ Ry ri)
= Wiy — lpit = log [1 + eXP{wfii — i} — exp{Toyi — liyi} — eXP{Cfiz' - lt+i}]

€es
—Alpivr + 70

Linearizing the logarithm of this equation, taking the first-order Taylor expansion around (c{*,; —

levr) = E(cils — lig), (Wi — b)) = E(wil; — L) and (e — li) = E(@445 — li4q) we have

€s ~ €s €S €s €S €S €S €s
Witipn — bvivr R K+ oy (Wit — i) — 05" (e — b)) — 27 (s — i) — Alpgir + 150y

where

es exp & (wfj—z - lt+i)
Po = 77 exp B (wf; — li4i) — exp E(@py; — liyi) —exp B (¢55; — L)
o = exp E (w445 — i)
l+explE (wfii - lt+i) —exp B(z44i — liys) —exp E (Cfii - lt+i) ’
es exp £ (Cfiz - lt+¢)
P = 17 exp B (wf; — li4i) — exp E(@y; — liyi) —exp B (¢§5, — L)
k= (1= pl + o5+ pe%) log(1 — oy + p5° + pe) — plyy log(py,) +

+p5 log(p5’) + p log(pg’).
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A.4 Log-linearization of the Euler Equation for a working agent

e The Euler equation for the case where the agent is working and spending with education is

1:Et

CGP‘ - Ces ) - CT‘ ) -
5 (We <7Tp ( ét—i“) - (—5351) ) (1= ) (—ggl) ) (1- Rp,Hm)] |
t+i t+i t+i

Taking the logarithm and exponential in the equation between square brackets we have

1 = 77PE,lexp(log 8 — y(chiy — %) + Tipgivn)] +
+rm° Epyilexp(log 8 — y(cifipn — ¢i%i) + Tigrirn)] +

+(1 — 7°) Ey1i[exp(log 8" — ’Y(C;ﬂ‘ﬂ - C?j»z) + ritrit1)]

1 = m7P Eyilexp(Xipinr)] + 7°7° Eyilexp(Yigiga)] + (1 — 7°) Eygilexp(Zigiga )]

Making a second-order expansion of exp(Xyy;i1),exp(Y;1ir1) and exp(Z;,41) around their
respective expected values X = E(exp(Xi4i11)),Y = E(exp(Yiyiy1)) and Z = E(exp(Ziyis1))

we may write

— — 1 —_
1 ~ mn?Eppilexp(X)(1 + (Xigir1 — X) + §(Xt+i+1 — X))+
+77° B ilexp(Y) (1 + (Yigirs = V) + Yipann = Y)?)

+(1 = ) Eryilexp(Z) (1 + (Ziyivs — Z) + (Zigisa — 2))]
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1
1 ~ 7°nPexp(X)(1+ §vart+i(Xt+i+1)) +
— 1
+7ém exp(Y) (1 + §va7‘t+i(Y2+i+1)) +

— 1
+(1 — 7Te) exp(Z)(l + §Uart+i<Zt+i+l))‘

Finally, a first-order expansion around zero provides

- 1
1 =~ 7TE7Tp(1 + X + §UaTt+i(Xt+i+l>> +
= 1
+7T67TS(1 + Y + 51)&7}4_@(}/,54,_1'4_1)) +

- 1
+1=7)1+Z+ §Uart+i(Zt+i+1))

or,

e _j ej es 1 ej es
0 = Z e/ (log f — YEii(cy i — ¢1) + Eri(Tigrivr) + Evart(Tz‘,t++i1 — (i — ) +

J=p,s

e T es 1 T es
+(1 = 7°)(log 8" — YEyi(ciir1 — ¢i5i) + Bryi(Tipriva) + §U@Tt(7”i,t++z'1 — (i1 — Cila)-

e The Euler equation for the case where the agent is promoted is

Oep‘ 1— cr . -
= e (Be) o (G)

Taking the logarithm and exponential in the equation between square brackets we have

(1+ Ri,t+i+l)} .
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1 = 7 Eylexp(log 8 — (¢l — i) + rigvivn)] +

+(1 = ) Eyyilexp(log 8" — (e i1 — b)) + i)

1 = m°Eypilexp(Xpsiva)] + (1 — 7°) Eypilexp(Yiyita )]

Making a second-order expansion of exp(X;;.1) and exp(Y;.,1) around their respective ex-

pected values X = E(exp(X;yi11)) and Y = E(exp(Yiyi1)) We may write

_ 1 _
1~ mBrilexp(X) (1 + (Xevinr = X) + 5 (Xewirn = X)) +

+(1 = 7°) Byt [eXP(?)(l + (Yigrivr — ?) + (Yegivn — 7)2)]

1
1~ 7exp(X)(1+ EvartH(XtHH)) + (1 —7%) exp(Y)(1 + §vart+i(Yt+i+1)).

Finally, making a first-order around zero, we obtain

— 1 = 1
1~ 7Te(1 + X + §Uart+i(Xt+i+1)) + (1 - WE)(l +Y + §vart+i(Y}+i+1))

or
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1
0 = 7n°(log B —vEui(c i — i) + Ei(rigyivn) + §Ua7“t(7”i,t++z‘1 — (e —ch)) +

1
+(1 =) (log " — YEiyi(cii1 — i) + Bryi(Tigriva) + §Ua7“t(7”z‘,t++z’1 — Y(Cryin — Ch3))-

e The Euler equation for the case where the agent is retired is

1:Et

T CZ;H'Jrl -
5 O (14 Rigyiza) | -
t4i

Taking the logarithm and exponential in the equation between square brackets we have

1 = By ilexp(log 8" — 7<C:+i+1 - Ciﬂ') + Ti,t-&-i-&-l)‘

Expanding exp(X; ;1) up to second order around its expected value X = F(exp(X; i11)) we

may write

_ 1 _
1~ Bpilexp(X)(1 4 (Xewinn = X) + 5 (Xiwin — X)?)]

1
1~ eXp(X)(l + §U(ZTt+i(Xt+i+1)).

Finally, making a first-order expansion around zero,

— 1
I~ (1+ X+ §vart+i(Xt+i+1))

or
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T T T 1 T T
0=logp" — VEt+i(Ct+i+1 - Ct+z‘> + Et+z‘(7”i,t+z‘+1) + §Ua7”t [ﬁ‘,t—&——l—il - W(Ct+z‘+1 - Ct+z)] .

B The Investor’s Optimal Rules for Each State

B.1 Proof of Proposition 1

To prove Proposition I we first guess that optimal policies take the form o}, = o" and ¢} ; =
by +-biwy;. We next show that this guess verifies the log-linear Euler equation 27 and the log budget
constraint 23, provided that o, b and b} satisfy three equations whose coefficients are functions of
the primitive parameters that define the preference and stochastic structure of the problem.

We first try the following functional form for the optimal rules in the state where the agent is

retired.

r o T ror
Ciyy = by + blwy

ro__.r
g = Q-

With this functional form we obtain the optimal rule for the portfolio in the state where the

agent is retired. First, we subtract equation (27) for : = f from the same equation (27) where ¢ is

the risky asset:

1
2 r T
Eiyi(Terig1) — 15 + 50, = 700 (Tepivt, Cipipr — Crai)-

1 T T
However, we must obtain the value of cov i (ri4iv1, ¢l i — €} H).
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Equations (28) and (23), together with the trivial equality ¢} ; ; — ¢} ;
imply that

by (w§+i+1 - w:—ki)

COVi(Tttit1s Craipr — Crai) = COUpi(Toyin, B (Wi — wi,))

= coVi(Teqiv1, b1 (K" — polcirs — wips) + r;7t+i+1))
= COU4; <Tt+i+17 bﬁ" T;,t+i+1)
= baol

Therefore,

1
Eyi(reyivn) — 75 + 00 = yabiol

2
Tu
ar ,LL—|-2

R

Deriving the optimal consumption rule for retired agents through equation (27) with © = p, we
obtain the logarithm of the expected consumption growth as

Et+z‘(C:+z'+1 - C:—&-i) =

, 1
(log 8" + Eiyi(rpiyis1) + Fvar tri(Tpivivs — V(Chpn — Ciy)) = 97
where
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varyi(Tperrin — V(Chinr — Crai)) = varei(Tperiv — V(0T (Wi — wiyy))
= UC””t+z'(7‘p,t+z’+1 - V(b;T;,t+i+1)>

= (L=t *varyi(rpiriv)-

Using the trivial equality above, together with equation (23) and (28), we have

T T _ T ) T a7 _ r
Et+i(ct+i+1 - Ct+i> = b1Et+z(wt+i+1 wt+i) =V

= W1 Eui(ry i) = 01pcbh + DIA" + 01p0(1 — b)) wig

D 1 )
;(log B"+ Eryi(rpiviv) + 5(1 — ) 2var i (rpvivt)

= DB i1 i) — Bhotby + O5 KT 4 Bol(1 — b} wyes

Identifying the coefficients on both sides of the equation, we have
b =1

and

1 1 1 1
by = — — =0 | FE i —1 — (1 — ~b")? i i —bk"
0 (5502) [(7 1) [Tp,t-i— +1] + ~ og 3+ 27( Y 1) vary4 (Tp,t+ +1) 1
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B.2 Proof of Proposition 2

We first try the following functional form for the optimal rules in the state where the agent is

promoted:

ep __ 1€p ep €p
Cryi = Teri = by + 017 (0 — Teqd)

ep ep
Qi = Q-

With this functional form we obtain the optimal rule for the portfolio in the state where the
agent is employed. First, we subtract equation (26) for i = f of the same equation (26) where ¢

denotes the risky asset:

1
Eyi(Tegis1) — Tfts0o 3 = V[WECOUM (7" t+it+1s Cfﬁiﬂ - C?H) +(1=7°)covyyi(Tepit, C;+i+1 - Cfﬁi)] :

As in the retired case, we should obtain those covariances.

By the guessed functional form, the log of the constraint, and a trivial inequality we have:
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€p €p
Covt+i(Tt+i+la Cetiv1 — Ct+i)

and

T ep
COVyi(Teit1, Chogyr — Ct-l—i)

Therefore:

oV 1i(Tetiv1, (CfiiJrl — Tigit1) —

—(chs = Tewa) + (Tepivr — Tewd))

COVyi(Teyit1, bip(wfii—kl = Terit1) + ATipit)
oVt (i1, 07 (= ATopivs + Tpprivt) + ATirig1)
cOVyi(Tepivt, (1= 077 )ATrpipn + 07 ariq1)

(1 —bP) 206, + abPo?

o i(Teriva, (C§+i+1 — Tigis1) —

=i — Tewi) + (Tepier — Tegi))

OV (Tetin 1, 0T (Wiip1 — Tewivr) + ATigitn)
oV (Tepi1, U1 (= ATpqig1 + Tpprit1) + ATeqig1)
coVyi(Tepivt, (1 — 0])cATiip1 + blariii)

(1 —0b])z0¢, + abio?

r 2
abjo;,.
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1
Et+i(7"t+i+1) —Tft+ 50 i = 7 [77600”75+i(7”t+i+1> Cfizurl - Cteii) + (1 — WE)COUt+i(7"t+i+1> Cf+i+1 - szii)]

= (1 = bP)z0¢, + aboy) + (1 — 7°) (abjoy)]

= aybios + (1 — bP)oe,

p+ 73 (1 — bi")zo¢,

a®? — _
Vb5, bio?,
U% e €, e (5
o = B+ 2 m (1 — blp)afu _ m (1 — blp)(z — 1)O_§u
Vbios, s ios

Deriving the optimal consumption rule for promoted investor, by equation (26) with i = p we

get the logarithm of expected consumption growth:

e (& € e T € 1 e
T Eryi(ciyipn — b)) + (1= ) Erpi(ciyi — cs) = ;[W (log B+ Epri(rp+ir1)
]' € €
+§Ua7“t+i(7“p,t++il — (et — i)
+(1 —7°)(log 8" + Eyyi(rpiris1)

+§Ua7“t+z‘(7“p,t++z‘1 = V(i — )]

= Py

where

Ve = Wevart+i(7’p,t++z’1 - ’Y(Cfiwl - C:f—z)) + (1 - We)’U@TtH(?“p,HHl - ’Y(C:HH - Cf—llj—z))
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Varyi(Tptra — (Cfiiﬂ - Cfii)) = vari(Fpgvit — Y ((Cfiiﬂ — Tegi) + ATrpir))
= varyi(rperrin — YO (Wi — Teri) + ATigiga))
vary(r pt++il — 7 (Cf—ﬁ)—i-&-l - Cfﬁi)) = var t+i(rp,t++i1 — (b (r pitit1 — AT trit1) + ATegiv))
= varg,((1— ’Ybip)rp,tﬂ'ﬂ —7(1 - bip)ATtJrHl)

= (1- ’Ybip)?UartJri(Tp,tJrHl) + 7222(1 - bip)%@rtﬂ'(Almﬂ) -

—=272(1 = b7") (1 = b7") coveqi(rppvitts Alirivr)

and

var i (Tp it — V(Cipion — ¢he)) = varei(rpqin — (Gl — Tevd) + ATeriga)
= varei(rpgati — V(L (W41 — Ter) + ATepiva)

varei(rpgetit — V(i — 654)) = varei(rpervin — YO (rpaics — ATerivn) + ATysira)
= varyi((1 = YD) rperivs — 7(1 = b)) ATeii11)
= (1 =) varei(rperita)-

Then:
Ve = 11 =) varei(rpspi) + (1= 7)1 = y00)*v0aress(rp i) +

7?22 (1 = 07" vari(Alpyi) — 22w (1= 4b7) (1 = 07)coveyi (Tperitts Alerita)-

Using the equality above, together with equation (22) and (30) we have
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T Epi(c i — ) + (1= ) Eryi(clyi — ) = 7Bl — Teviv) + (1= 7) Eei(cfyin —

= (¢ — Teg) — 29 + 97

T Eryi(bg” + 01 (w1 — Tewirn)) + (1 — 7) Epyi(bg + 01 (w1 — Tevin))

= (¢ = Teri) — 29+ U7

T Eryi(by + b1 (w1 — Tewirn)) + (1 — 7) Epyi(bg + 01 (Wi iy — Tevin))

= by + 0P (W, — Tewi) — 29+ UP

bg + 01 Eryi(wiyipr — Terisn) = b + 07 (Wil — Teq) — 29 + U

bi(chf - Pipb§p>(wt+i - Tt+i> + 05 + bi(kep - Pipbgp — 29+ Et+i(7“p,t+i+1))

= by + b (W — Teyi) — 29 + UL

Identifying the coefficients on both sides of the equation yields

bi(ply = pPO) = b
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by + B (KP — pPHP — 29 + Brvalrpisiss)) = BF — 29 + UP.

There are two equations and two unknowns. From the first equation we obtain directly

7 pP (bF)* + (1 — 7plf + (1 = 7)bip2)by" — (1 — 7)bipy’ = 0.

The expression for b’ is given by:

[(1 —7) + pcPb5] \ v
1
VT RO~ 1)zg — VKT — (1= 7).

. 1 . L. e r
br = — [(— — bl) Eii(rpetiv1) + ;(7 log f + (1 —n%)log 5")

Checking if 1 > b > 0:

(1= m*pf o+ (L= Vi) o (L= )b
1

ep

biP)? = 0.
( 1 ) + ﬂ_epgp 7Tepc

The discriminant of this quadratic equation is

€p €p
T¢pe T¢pe

2
(or s Lo aY' | (Lr ) 5
since the first term is quadratic and the second term has only positive coefficients. Therefore, the
roots are real.
By the last term of the quadratic equation, because it is negative we know that there exists
one positive root and another negative. Discarding the negative root because it would imply a

consumption level decreasing in the wealth for all levels of working income, making the agent

better off with less wealth, so b7 > 0.

59



To prove that b{” < 1, we will show that bi” > 1 is inconsistent with the fact of investor saving

(Witi + Livi + Tyi — Ciyy) > 0 during the optimal path. If b7” > 1 then:

—[1 =7 + (1= 7)ip] + /(1 = 7pd + (1= w)bipc") + dmep (1 — 7)bipd’

ep —
C

1.

P = o
wep

Taking the square of both sides and solving we have

Vi(p — pF) — mbL(pf — pf) + 7 (pk — pF) > 1.

Because we know that 0] =1,

(b —pF) = 1

exp & (wﬁi - lt+i) —expE (Cfﬁi - lt-i—i) >1l+expl (wﬁi - lt+i) —expFE (Cfii - lt+i) )

the left hand side of this inequality equals O and the right hand side equals 1, leading to a contra-

diction. Therefore, we must have b7” < 1.

B.3 Proof of Proposition 4

We first try the following functional form for the optimal rules in the state where the agent is

employed spending in education:

€S _ es €S es
il = levs = 057 + b7 (Wil — la)
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es es es
Toi — ey = b5° + 057 (Wi — lisi)

es __ _es
Qpyy = Q

With this functional form we obtain the optimal rule for the portfolio in the state where the
agent is employed. First, we subtract equation (24) for ¢« = f of the same equation (24) where ¢

denotes the risky asset:

1
Eppi(rerin) —rp+ 500 = Alrt(aPeoviys(riirn, iy — 65) + 7 covi(ripi, 60 — 63)

+(1 — ) coveyi(Tiiva, Cipit1 — Cfii)]-

As in the cases above, we should obtain those covariances.

By the guessed functional form, by the log of the constraint, and by trivial inequality we have:

OV i(Terivt, Citip1 — Cf-sm) OVt 1i(Tevit, (Cfiiﬂ —liyip1) —

(et = i) + (Ui — L)

= Vi (Terirt, 0T (Wi iy — leyivr) + Alpyivn)

= coVrii(Terig1, U7 (= Al + rpovivr) + Alpyig)

es es
= coVtti(Trivt, (1 = 0T°) Al yipr + b aryyi)

= (1 —b%)0e, + abio?
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oVt 1i(Teriv1, Cfiiﬂ - Cf-sm) COVyi(Ttyit1, (Cfiiﬂ — Tipit1) —

—(citi = Tewi) + (Terivs — Tga))

= cOUi(Tt4it1, bip(wfii—kl = Terit1) + ATipit)

= coUi(Tepivt, D (—ATeir1 + rpeviv1) + ATerivr)

_ ep ep
= coVyi(Terive, (1 = 77)2Al i + b aryyiga)

= 2(1—=bF)oe, + abfo?

OV i(Ttrit1, Cipit1 — Cfiz) OV i(Ttrit1, (C;—i-i—&-l —liyip1) —

—(chpi = levi) + (levivr — leyi)

= coVi(regitt, B (Wigipq — livir1) + Aligig)

= oV (Teyivt, O] (—Alpripr + Tp,t+i+1) + Alitiv)
= covpyi(Tevivn, (1= 00) Al + b arig)

= (1 —b))cog, + abjo?

_ r 2
= abjoy.

Then

1 (& €,
Epyi(reipa) =1y + 500 = A (nP((1 = b7)20¢, + abiPor)

+75((1 = b5 oey + ab*0?)) + (1 — 7°)ablo?].
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Rearranging, we have

s Mt 02—3 (1 — b5%)og,  wemP(1 — b7P) 20,

ol bi‘os, bi‘os
where b5¢ = 7¢(7Pb” + 7°b7°) + (1 — 7°)b].
Deriving the optimal consumption rule for employed investor who educates himself, by equa-

tion (24) with 7 = p we obtain the logarithm of the expected consumption growth:

0 = Z e (log 8 — ’YEtJri(CfiHl — %) + Eugi(rp i) +
j=l,s

1 j r
+§Ua7"t+z‘(7"p,t+z‘+1 - 7<Cfii+1 - Cfiz))) + (1 - we)(logﬁ - 7Et+i(cz+i+1 - Cfiz) +

1 .
+Et+z‘(7"p,t+z’+1) + §Uart+i(rp,t+i+l - V(Cfiwl - Cfiz)))

7T€7TpEt+i(Cf§-i+1 - sziz) + 7Te7TsEt+z‘<Ct6ii+1 - Cfiz) + (1 - We)EtJrz‘(C;riH - Cfiz)

1 1
= ;(Et+i(rp,t+i+1) + 5‘/63 +mlog f+ (1 —7%)log §7) = U

Using the trivial inequalities we have

Tm B i — €i5a) + 10 B (i — ¢5) + (1 — 1) By — 3 (35)
= m7Eri(cipg — bin) 70 Eri(fli — b)) + (1= 7) Brri(6 1 — i)

= (¢} —lip) T —g.
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The covariances are given by

Ve = wewpvartﬂ(rp’tﬂﬂ - W(Cfiiﬂ - Cffm)) + Weﬂsvm‘tﬂ'(rp,tﬂﬂ - ’Y(Cfiwrl - leiz)) +

+(1 = 7)varyyi(rpevic — Y(Chi — ¢i1i))

where
varyi (Tpastin — V(i — ¢5)) = varei(rppesin — V(i — livs) + Alegign)

= 0aryi(Tpar+i — YT (Wilipg — lai) + Alegiga)
Vary i (Tpittir — (ng—i-i—l - Cfii)) = vari(rpasrin — YO (Tpapivs — Alpyira) + Alpgiva)

= varyi((1 =07 )rp i — Y(1 = b7°)Aliyitn)

= (1= 5)2vary (rperivn) + 72 (1 = b5°)?vary . (Alpin) —

—29(1 = 4b7°) (1 = b7 )coveyi(rp erivts Alpyiva)

varyi(rp i — 7 (Cz—i-‘,—l - Cfii)) = varyi(Tpryvin — 7 ((Cff—i—&—l — Tegi) + ATpyign)

= Vari(Tp il — W(bip(wfiiﬂ — Toti) + ATpitn)
Ua?“t+i(7”p,t++z'1 - 7<c§ii+1 - Cfiz)) = UartJri(rp,tJrJril - ’Y(bip(Tp,tﬂ'ﬂ - ATt+i+1) + ATt+i+1)

= vary (1 =0 )rpivivn — 7(1 = 1) ATy pip0)
= (1 =) varii(rpivict) +722°(1 = bP)?vare i (Alyyipr) —

—292(1 = ") (1 — b5")covesi (T pitrs Alpsit)
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Varyi(Tptra — (C;—l—i—&—l - Cfii)) = vari(Fpgvit — Y ((C§+7;+1 —lp1i) + Alpyita)

= 0aryi(Tpavin — YOT (W1 — lei) + Alpyiga)
Var i (Tpirtin — V(Crpipn — i) = varepi(Tperrin — YO (Tpayivs — Alpriva) + Aliyiva)

= wvarpy((1 = 0))rp i — y(1 = 1) Aliyiia)

= (1= b)) variyi(rpegicn) + 72 (1 = b)) *vare i (Alpyiva) —

—2y(1 = Ab1)(1 = bY)coveri(rpavivr Algita).

Substituting the equations of consumption (30), (32), and (28) in the equation (35) we have

Tm Eri (0" + 07 (Werien — lepin) + (1= 077) (2 — Dlegira) +
+7m° By (067 + 03 (Weir1 — legiy)) + (1 — 7°) By (bg + 07 (Wiriv1 — levirn))

= b5° + 05 (Witit1 — leviv1) + ¥ — g

bee = me(nPbr 4+ wobe%) + (1 — mw©)by, for all k=0,1, then:

bg" + b1 (Wigiv1 — ligirr) + 7P (1 = b7 ) (Toqipr — ligir) + (1 — b)Y (levi — liti)

= b5° 4+ 05 (Witit1 — leviv1) + ¥ — g
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b" 4 09 (Wepir1 — leyivn) + 77 [(1 = 07" ) (Teqinr — legi) — (1 = 0F) (ligir — ligd)]

= by + b1 (Wepit1 — ligigr) + 777 (1= b7") (2 — 1)g

= 05" + 05 (Wipiv1 — liyipr) + ¥ — g

we assume that 7,; = l14.

(s — S — P (Wi — D) + UG+ B (R
(1= ) (= — 1)g

= B ( — ) + U — g

Identifying the coefficients 0j°, b{° by equations

esyes
— Pz bQ

bic(pfvs _ pGSbgs _ pESbis) — bis

xT

— P05 — g+ Eyti(rperit1)) +

b (K — g — o — g Bra(rpasisn)) + 7om?(1 = b7)(2 — 1)g

= U g+ b

Solving recursively, because the first equation depends only on 4%, and the second on bg”, 07", and

manipulating the first equation we find the following quadratic form:
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0 = mm AR (L= mm (o — ) + TR (1= 7B

B (= ) — (1= T (6 — D)

)b

We have this quadratic form for b°, a function of only the parameters and probabilities.

The expression for b§° is given by

— ") (z = 1)g].

1 1 1
bes . 2y B : ; “(n¢1 1 — 791 r
= Tl 1) B+ 300 b (17l
1
SV B — B + 9B — 1) = (r R + (1= 7)) — (L

Let us now characterize the roots of the quadratic equation of bf°.

0:(WY+O—ﬁﬁ%Pwﬁﬁtfin+U—ﬁWﬁ%?_
o p
et (ol — pi05T) + (1 — m)b (o — pa05’)

€S8 HeES
TS pg

The discriminant of this quadratic equation is

0 < @—ﬁﬁﬁﬁw%®+ﬁﬂﬁf+U—WW%ﬂQ+
- ﬂ—eﬂ—spgs
g (BT = pbs) + (1= T — p7S)
7T€7-‘-Spg8

because the first term is quadratic and the second term have only positive coefficients. b}

0,0 < 7w, wP, ¥ < 1. Moreover pS; > p°bs°, because the spending with educatio
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greater than the financial wealth, since the agent is a saver in this phase of life. Let us assume first
that 0 < b§° < 1. Then we will show that this is consistent with the result 1 > b5 > 0.Therefore,
the roots are real.

By the last term of the quadratic equation, because it is negative, we know that there exists one
positive root and another negative. We do not consider the negative root because it would imply
that the optimal level of consumption is decreasing in the wealth for all levels of working income,
and the agent would then be better off with less wealth, so 0{* > 0.

To prove that b5° < 1, we will show that 67° > 1 is not consistent with the fact of the investor

having saved (W;1; + L1 + Xi+s — Cyii) > 0 during his optimal path. If b* > 1 then

—(1 = (i - )+ n T+ (L= 7))
27-‘-67-‘-sz8

_|_

(1 — mem® (pP — pesbs®) + memPbP pes + (1 — @) by pt*) 2+

Ham et o (O e (pf) — pib7) + (1= m)0h(p — p°057))

€S HES
2mems pe

2 p® 4+ (1 — w7 (pF — pPbs%) + memPbiP ps® + (1 — w€)by pe?)

(1= mem (off — ) + o RB (1 — 7))t

IN

g B RT (5 — p5) + (1= 7B — p05)
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(2 + (L= 7 (07 — pE0057) + T RBTp + (1= 7))
< (U m(pF — p) TP

(L= R+ Ame O R (5 — ) + (1= R (055 — b))

Taking the square of both sides and solving, we have

A gl (6P iy — pH7) + (L= 7 )b s — pS5)

x

> 4n g At (L nm (pF — ) + e 4 (1= 7 )bipt)

(O TP (o5 — p57b5%) + (1 — )b (pry — p’b5))

> memp (L= m (o — pib5) + TR 4 (1= O )bpf)

Loy — = ) S WPl — g — ) + (L= ) (05 — = D)

< (o = 0 = 22057 (w°(7° + byn) + (1 = 7%))
where 1 + p&b — p%° — p2° > 0 = 1 > pF° + p& — pod > b5°pS° + p&° — pf), with 0 <

biP b by e, e < 1.

For this inequality to be valid it would be necessary that
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(P = P2 = p3") 2 (P — pe* = p5705°) (1) = (P — pe* — p5°05°) (m° (7 + b 7)) + (1 — %)) > 1

because 0 < b, b5° < 1, then

P — P — Py > 1.

But this then implies that

exp K (wfiz - lt+z’) —exp B(zyy; — ligi) —exp B (Cfiz - lt+z’)

> l+expk (wfiz - lt+i) —exp B(xyy; — i) —exp B (Cfiz - lt+i) )

the left hand side of this inequality equals 0, and the right hand side equals 1, leading to a contra-
diction.

Therefore, if even p5 — p& — pe* < 1, we must have (p&5 — p&* — p=bs*) (7 (m* 4+ b 7P) + (1 —
7¢)) < 1, because (p& — p& — po) > (p= — pe® — posbs®) (we(m® + bPnP) + (1 — 7¢)); which is a
contradiction, so b5° < 1 = 0 < b° < 1.

Deriving the optimal consumption rule for the spending with education upgrade, by equation

(25) with ¢ = p we have

1 €S
0 =7 B i{log B — y(ciiiv1 — Tewi) + Tpoyivs + §Uart+i(7"p7t++z‘1 — (i — Teya)) }
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es 1 €S
0= Eii{log—~ (Ct+i+1 — Tppi) + Tpayir + §UaTt+i(7“p,t++z‘1 -7 (Ct+i+1 — T41i)) )}

1 1
Et+i(¢fii+1 — Tpy) = ;(logﬁ + Et+z‘(7“p,t+i+1) + §U@7"t+i(7”p,t++z‘1 - V(Cfizurl — Tt1i))
— \I,es
x
where the variance is:
Varyi(Tpit+in — (Cfiiﬂ — Tiyi)) = Vari(Tpprtin — (bis(wfiiﬂ —liyiv1) + Aliyiy))

= varyi(rp i — YO (—Alipivt + rpgvivr) + Aligir))
= wvaryi (1= Y7)rp i — ¥(1 = 07°) Alpyisa)
= (1= 07)varesi(rppriva) +7° (1 = 07 varei(Alpyip) —

—29(1 = b7°) (1 = b7°) covei (Tpprins Alpriv).

Using the guess of the spent and consumption equation, the trivial inequality, and the logarithm of

constraint equation we have

by + 07 (il — leitn) = (T — ligi) — g + 5
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b + 07 (K™ + ) (Wei — L) — p3° (057 4 05° (wes — leyi)) —
—pe* (b6 + 05 (Wipi — ligi) — 9+ Ergi(rpativr))

= 05+ 05 (Wi — i) — g+ V5

B (05— pbS” — ) (e — Lis) 5 5 (K = 505" — pb5° — g + Braalrpiein))

= b5 (Wi — ligi) +05° — g+ U5

Identifying the coefficients 05°, 05° by equations:

b (o — 0 — pb) = b

b B (K = P — U — g+ Blrpasinn)) = 05 — g + W5

Solving recursively, because the first equation depends only on b$°, and the second on b3”, b3

b (1 5% ) = (0 — bEY)

> 0.

o B — petp)
SECER )

Now we shall show by contradiction that 05* < 1.

Assume that b5® > 1. In that case,
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07 (P = p2°b°) = (14 07°p7)

(P — P — p°0°) = 07 (py — P57 — p°b5°) > 1

because 0 < b5 < 1, but

exp K (wffrz - lt+i) —exp B(xyy; — i) —exp B (Cfiz - lt+i) b

>1
1+exp E (wi; — liwi) — exp E(ygs — L) — exp B (¢, — L)

reads

exp F (wfiz - lt+i) —exp E(xy; — liys) —exp B (Cfiz - lt+i) by

> l+expk (wfiz - lt+i) —exp B(z445 — liyi) —exp E (Cfiz - lt—!—i) .

For b5 ~ 1, the left hand side of this inequality equals 0 and the right hand side equals 1, leading

to a contradiction. For 0§® ~ 0, we have

exp B/ (cfiz — i) > 1.

This is only possible if ¢f}; > [,1;, meaning that the investor is spending his savings in this phase
of life, which is not compatible with the fact that he saved (W;,; + Li; — Xy — Cyyi) > 0 during
the optimal path. Hence, it follows that 0 < b5 < 1.

Finding the value of the coefficient b5° :

b o U (K = 05" = 5 = g Buga(rpvi) = U5 — g + 05
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1 1
A —— ) —— = T 7 A . 1 _ 1 — pes
b (1 + bes pes) [<,y b ) t+i(Tptir1) +1og B — g(1 — b7°) +

1
+§W7”t+z’(7’p,t++z'1 - V(Cfiiu — T1i)) — by’ + bi* (R — Pgsbgs)]-
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